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The theory of non radiative electronic transitions is represented in two papers. In the first of
these we calculate wavefunctions, energies, matrix-elements etc. In the second we discuss the
general reaction mechanism and apply the theory to two examples. The wavefunction of a crystal
volume containing one defect is calculated on the base of a microscopic theory. For our numerical
discussion we used as an example an anion vacancy in MgO, LiF, NaCl. NaBr, KCIl, KBr, KJ.
The results are collected in Table 1 and 2. As far as experimental data have been available they

agree completely with our results.

Introduction

We have the intention to calculate transition
probabilities for conduction electrons of an ionic
crystal for falling back to the valence-band without
emitting radiation. These quenching processes do
disturb many reactions of the crystal as e.g. con-
duction of current, phosphorescence, luminescence.
To have a measure for their magnitude one defines
the quantum efficiency or quantum yield as the
ratio of emitted to absorbed photons. But comparing
numerical results for transition probabilities, cal-
culated for some special quenching center, we have
to regard that radiationless decay is only one of
many possible radiationless electronic reactions
(e.g. conversion of F to F’ centers). Stumpr! first
established a reasonable model on a microscopic
theory of the crystal to describe the decay process
(double Franck-Condon process). In the meantime
we have been able, firstly to calculate the wave
functions of the crystal with very high accuracy?,
secondly to give a new more strict description of the
reaction mechanism3. On the base of this progress
we have been able to derive conditions when radia-
tionless transitions should be possible.

The calculations are outlined within two papers.
In the first of these, we derive all things necessary
to describe the reaction mechanism: appropriate
wave functions for the crystal, energy eigenvalues,
normal coordinates, matrix elements. In the second
we describe the formalism to evaluate transition
probabilities. Though there remain some uncer-

* Thesis in partial fulfillment of the conditions for gradua-
tion at the ..Mathematisch-naturwissenschaftliche Fa-
kultdt der Universitiat Tiabingen®.

tainties with regard to the quantities calculated,
we have been able to describe the reaction process
for a radiationless transition. Applying the general
formulae to the example of an anion vacancy as
trapping center, we get significant results depending
on the host crystal: In MgO the probability for a
radiationless electronic transition is much greater
than for an optical transition. On the other hand
in KCI the anion vacancy does not quench optical
transitions as it is well known by experimentalists.
To get results quantitatively comparable with
phenomenological equations of experimentalists,
we propose to treat the ensemble of independent
impurity processes by means of the theory of
Markov’s chains.

Reduction of the Many Particle Problem

A crystal as used for experiments does contain a
great number of different defects. But even if the
defect concentration is very large (10-3 defects per
regular lattice point) we can, in a first approxima-
tion, consider the processes at different defects being
independent. The total crystal then can be treated
as a statistical ensemble of independent small blocks
(“‘microblocks*“) each containing one defect. The
quantum mechanical calculation then can be con-
fined to that of a microblock’s wave function.
Neglecting spin and other relativistic effects the
hamiltonian K* of one microblock is (within this
paper atomic units are used i = m = e = 1)4:

K*=Ty+ Te+ V* (1.1)

1 H.StumpF, Quantentheorie der Ionenrealkristalle, Sprin-
ger-Verlag, Berlin 1961.
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ELECTRONIC TRANSITIONS IN IONIC CRYSTALS. L

where
1 a2 .
TG‘ = 9 Z Ai; 2 ar,, (12)
= ia i e
means the kinetic enervy of the electrons and
1 02
Ty = 2/—114—_2211 (1.8)

the kinetic energy of the nuclei of the lattice.
The Coulomb interaction energy is:
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In the adiabatic approximation36 the many

particle problem is divided into one part for the
electrons and another for the nuclei. This approxi-
mation corresponds to the following trial solution
for the wave function:

Y (r, R) = yn(r, R) ¢/, (R). (1.5)
where " is an eigenfunction of the hamiltonian Ke:
Keyn(r, R) = [Te + V*(r, R)]y"(r, R)

= Un(R)y"(r, R). (1.6)
The eigenvalues U, (R) depending on R as para-

meters define the potential energy of the hamiltonian
K3, which describes the lattice motion:
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Electronic Wave Function

We first treat the electronic Eq. (1.6) by means
of a Hartree-Fock product wave function

pr(r) ~ > (—

Alyeeey AN

DPyi(ry,) -y () (1.8)
[the sum is extended over all permutations of the NV
electrons, and the one electron functions are

assumed to be orthonormalized :
éix,ja] .

With help of (1.8) we get from (1.6) the energy
expectation value as a functional of the one electron
wave functions and the parameters R. We now
assume, that except for few electrons, located in the
surrounding of the defect, the y; could be repre-
sented by a linear combination of the free ion’s
ground state wave functions ! and the first
excited states28.9 7 :

YE o~ P+ D P

(¥r (i), i, (k) = (L.9)

(1.10)

The f;, can be related to the polarization of the
ions2. We then get U,(R) as a function of the
polarization dipoles my. As an example we consider
a F-center, where it seems sufficiently accurate to
calculate only the trapped electron‘s wave function

y1(r1) explicitly:

my (r1 — Rk)) 7
= Re3 )| V1 (1.11)
m1 RkﬁRl a; Ay 1 ’ 771)777
T mp T TR Rl T2 R Rl
1k¢1 L,k*1

(o is the polarizability of the ion 7, «; the charge of the ion at R;; for all details we refer to)2.
According to the principles of quantum mechanics the eigenfunctions 7 should make U, a minimum.

This gives the conditions:

) " 1 ax  ome(ri— Re)\] o, o
®) (72 = 3 G 2 ) ) o .
(®) mi + oV, [BF + Bn] 0 (1.13)
In (1.13) we use a decomposition of the static Coulomb potential @7 (R;) of the microblock, where
mk(Rj Rk)
m(Ry) := Calus S 1.14
Bl 121 | Ry — Be[? (1.14)

4 The following notation is used: R the totality of all
nuclei coordinates R;; r the totality of all electronic
coordinates rj,, where rj, denotes the «-th electron at
the j-th nucleus. M; is the mass and e; the charge of the
nucleus 1.

5 M. Bor~ u. K. Huaxg, Dynamical Theory of Crystal
Lattices, Oxford Univ. Press, London 1954.

6 H. RAMPACHER, Dissertation, Miinchen 1967.

7 F. WaHL, Z. Naturforsch. 19a, 620 [1964].

8 F. WanHL, Ann. Phys. Leipzig 11, 151 [1963].

9 H. RAMPACHER, Z. Naturforsch. 17a, 1057 [1962].
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is the potential built up by the polarization di-
poles my.

Dy (R;) is the Coulomb potential of the regular
lattice:

@o(R)) : o

= kél R — RS| (1.15)

(1.15) is used to define the potential of the distur-
bance @7 (R;), depending on the trapped electron‘s
state yi:

O (Ry) = Po(R)) + D (R)) + Pm(Ry). (1.16)

The conditions (A) and (B) are to be fulfilled for

A.LOFFLER

every choice of the coordinates R;. This could be
done using our knowledge about the ionic crystal:

At absolute zero temperature the ions are approxi-
mately located at the equilibrium positions R}
which minimize the potential energy U, (R)

(C) V|Rk=R: LTn(Rk) :0.

For temperatures not too high, the ions then
oscillate about these equilibrium positions. We
therefore expand (A) and (B) about these R} into
a Taylor series fulfilling them step by step. We
denote by o = (a+ + «-)/2 the average polari-
zability of the ions, by d their nearest neighbour

(1.17)

MgO LiF NaCl NaBr
d[A)] 2.10 2.01 2.81 2.98
18 1.5 1.46 1.70 1.71
g -d 1.96 2.29 2.33
[Uzp(.Rzp)T Vbjlsmls)]be,. 2.237 - 1m 1.68
oV
[Uzp(R?P) —[ ‘({]ls(Rs)]exxr [5.0] [5.10] 1.92
oV
(1, 0, 0) 431 00, 00.  —08 00, 00 08, 00, 00
(1, 1, 0) — 04, —04, 0.0 —04, —04, 0.0 —04, — 04, 00
(1, 1, 1) —0.3, —03, — 0.3 — 0.0, — 0.0, — 0.0 —0.1, — 0.1, —0.1
(2. 0, 0) —07, 00, 00 —11, 00, 00 —13, 00, 00
2.1, 0) —08, —09, 00 —09, —03, 0.0 —1.0, —04. 0.0
2,1, 1) =185, =12, —12 —07, —02, —02 —08, —0.3, —0.3
KCl KBr KJ
d[A] 3.14 3.29 3.53
1. d 1.80 1.81 1.82
pe-d 2.41 2.43 2.47
[Usp (R2P) _[ \l;']ls(RIS)]bor. 1.61 1.47 1.30
e
[Uszp (R2P) — Uss(RS)]exp- 1.78 1.51 1.35
[eV] '
e
’ (1, 0, 0) —20, 00, 00  —21, 00, 00  —22 00, 00
(1, 1, 0) —04, —04, 00 —0.3, —03, 0.0 —0.3, —0.3, 0.0
(1, 1, 1) +0.0, +0.0, +0.0 +0.0, +0.0, +0.0 —01, —01, —0.1
(2, 0, 0) — 0.9, 0.0, 0.0 — 1.0, 0.0, 0.0 — 1.3, 0.0, 0.0
2, 1, 0) — 0.5, +0.1, 0.0 — 0.5, +0.1, 0.0 —0.7, +0.1, 0.0
2.1, 1) —04, —0.1, —0.1 —04, —0I1, —0.1 —0.6, —0.1. —0.1

Table 1. Parameters and results of the static calculations (at 0 °K). d next neighbour distance of the ions. g3 = " (R")
variational parameter for the one electron functions. For trapped electrons f” - d is approximately constant2. f1s and
(2P have been calculated by ScEMIDHAMMER!? regarding displacements of the ions up to neighbours of order 10. The
relation between the energies Uj,(R}) calculated by ScEMIDHAMMER and experimental zero phonon absorption and
emission energies Eaps, Eem are given by Usp(Ri?) — Uis(Ry) = Eem + % (Eabs — Eem). Experimental values after
MarkaAM 18, For MgO and LiF no emission bands are known19. The absorption energy of an F-center in MgO is assumed
to be 5.0 eV. This band seems to result from superposition of several bands20. The energies in [ ] are absorption energies.
The spherical symmetric displacements for the ground state have been calculated by SCHMIDHAMMER up to neighbours
of order 10; they are given in percent of d.

17 E. SCHMIDHAMMER, Diplomarbeit, Universitit Minchen, in Vorbereitung.

18 J. J. MarkHAM, Solid State Physics, Sup. 8, Academic Press, New York 1966.

19 B. HENDERSON et al., Preprint A. E. R. E. Harwell, Didcot, Berks 1967.

20 Y. CHEXN et al., Preprint, Solid State Division, Oak Rigde National Laboratory, Tennessee 1967.
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distance, and define as a measure of average
polarizability
y = —4moald3 (1.18)

then a solution of condition (B) is given by 2. 9

Dn(B) = 7 BUR)  (119)

or
)

l—'/v

mp = rDPL(R) . (1.20)

Inserting this into (A) and (C) we realize that the
polarization of the lattice ions can follow imme-
diately the motion of the nuclei and the trapped
electron’s changes of state. By means of a Green’s
function1,10 condition (C) can be treated. It can
be solved simultaneously with condition (A), which
becomes an algebraic one, if we use Ritz‘s variational
method. This principle to be applied, one has to
specify a class of test functions.

For a radiationless recombination of a conduction-
band-electron at an anion vacancy the following
states will prove to be important:

1. the conduction band state: characterized by a
vacancy which is free from electrons; a conduct-
ing microblock (but without a current) ; the lattice
in the thermal equilibrium,

2. the F-center state: an electron trapped at the
vacancy ; zero resistivity of the microblock, no
current; arbitrary excitation of the lattice
oscillations,

3. the valence band state: no electrons trapped at
the vacancy; zero conductivity of the micro-
block; and arbitrary excitations of lattice
oscillations.

For these states we assume the following one-
electron functions as trial solutions:

1. for the conduction band state: a Bloch-function
at the lower band edge

¥i(r1) ~ ue(r) e*™, k>0, (L.21)

2. for the trapped state: for spherical symmetric
defects, with positive defect charge in approxi-
mately isotropic crystals, hydrogen wave func-
tions. Especially with the ground state

Y (r1) ~ B3/2e= P, (1.22)

10 I.. KErN-Bausch, Z. Naturforsch. 21a, 798 [1966].
10a Where O (z )= [0 for £ = 0.

1 3% 0,
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3. for the valence band state: a Bloch function

(1.23)

Py (r1) ~ wuy(ry) e*r.

For practical calculations we take wu.(r;) and
uy(r1) to be constants properly orthonormalized
(because we can exclude by energetical reasons
direct radiationless electronic transitions from the
conduction band to the valence band, it is no great
error not to regard the orthogonality of (1.19) and
(1.20)). The numerical results for the static wave-
function ¢} are given in Table 1. The two functions
orthogonal to ] are then

= v (200(5 < 1)
0(5—1nl)o(s —lal)— syiow)

2 2 2 2
ri=ay+yy+ 27,

10a

where 2 = a3 is the volume of the microblock and
S the overlap integral
S — 0-1/2 | 48 3 B
5 — j%(rl) Bria e (129)
15

The normalization constant is approximately 1 for
localized states:

const = (1 — S2) ~ 1. (1.26)

Now, before treating the dynamical dependence of
the trapped electron on lattice oscillations, we
investigate the lattice vibrations, described by the
hamiltonian (1.7).

Lattice Dynamics !

Using the adiabatic approximation, we geot for
the hamiltonian of the lattice motion

K" = Ty + Un(R). 2.1)

For temperatures not too high, we describe the lattice
in the harmonic approximation, ie. we expand
Un(R) into a Taylor series and neglect the an-
harmonic terms of third and higher order, which are
considered to be a perturbation

Un(R) - Un(R") (2.2)
1 A \
+ 5 %(Ri - Ri)é}zieFj(R.j — B}) + ---.

11 e.g. G. LeiBrrIED, Hdb. d. Physik VII/1, Springer-Ver-
lag, Berlin 1955. — W. Lupwia, Ergebn. Exakt. Natur-
wiss., Springer-Verlag, Berlin 1964, Bd. 35. — W. Lup-
wia, Springer Tracts in Modern Physics, Bd. 43, Sprin-
ger-Verlag, Berlin 1967.
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The potential U, (R) and therefore the expansion
coefficients
82U,

G;tj:: CR;OR; (23)
depend on the special defect model and the state
of the trapped electron.

For weak perturbations one can replace the
coupling matrix G” by that of the regular lattice G0.
Though in principle one knows how to treat the
eigenvalue problem of G” exactly3.11, this has not
been done until now with sufficient accuracy and
completeness. Until those calculations will be

extended, we use the following approximation:
G" ~ GO, (2.4)

The eigenvalue problem of G0 can be solved easily
because of the translational symmetry of the
lattice. For non primitive lattices with L different
particles per elementary cell, we get for every
possible polarization vector k, 3 L eigenfrequencies
and eigenvectors. Such a spectrum is given in
Fig. 1a. We simplify this spectrum somewhat more
as shown in Fig. 1b. This approximation was used
by MARTL!2, whose results upon the anharmonic
interactions will be used.

2102 sec”! °0°% <25
3 LN 4 L
L]
Y o
1h° oe°° LR * edl &

04 08 10 06 0200 02 04
[£.001 [0.8.%] (il A
Fig. l1a. Experimental dispersion curves for optical and

acoustical branches of the phonon spectrum of potassium
bromide at 90 °K, after Woobs et al. 22,

An arbitrary deviation from the equilibrium
positions R™ can be expanded with respect to the
orthonormalized system &7 of eigenvectors of G0

3M/2

R— Rr = &'Qn,
i

(2.5)

where we distinguish between the eigenvectors of
the optical part of the spectrum and the acoustical

A.LOFFLER
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“ o
45
41 / 40\, %
»1072) ¢ e \, i
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1 A 2.6+ -\ 7
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4 N\ | 4
L I ;
0 1 -1 0 1

Fig. 1b. Approximation of la as used by MARTL!2

eigenvectors by an additional index » = a, o. With
respect to this coordinate frame we get, up to an
unimportant constant, a sum of uncoupled harmonic
oscillator hamiltonians:

Ry = U (")
1 e 1 — 26
T2 (_ 20, ’e’(Q:rf +3 4, ‘“;(Qg’)z) .
where Mo =M, + M and M, = M. - M_|M,.

o
The eigenfunctions of Kj, are given by

3 M2
#n @) =1 [#n. (@) 2.7)
bt
and the energy eigenvalues by
3M2
E% = Uyn(R") + 2 wp(mp +3).  (2.8)
t=1
¥=a,o

We are specially interested in ionic crystals with
NaCl-structure. For these lattices, every point is
an inversion center of the total lattice. Regarding
the limit of long waves, one knows!3, that the
motion of the cell’s center of mass is not coupled
at the relative motion of the ions with opposite
charge. Hence in the long wave limit the relative
motion corresponds to the optical branch and the
center of mass motion to the acoustical branch.

12 H. G. MArTL, Diplomarbeit, Universitit Miinchen 1967
(to be published). This is no serious restriction; our cal-
culations would give identical results, if we would as-
sume only the longitudinal optical branch in the long
wave limit to be degenerated.

13 . LEIBFRIED, in Encyclopedia of Physics, Springer-
Verlag. Berlin 1955. pp. 193.
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Dynamical Electron Lattice Coupling

The electronic energy expectation value Uy (R)
consists of one part u,(R) corresponding to the

ag

1
un (R) :(w';,[— g — ,21(]%1- Rz

Expanding u,(R) into a Taylor series about the
equilibrium positions R}, the linear term causes
dynamical electron lattlce coupling in lowest order

L (2.11)

The coordinate frame best adapted to describe the
coupling of states at the lattice vibrations is
defined by the eigenvectors 7&"! of the dynamical
matrix. With (2.5) we get from (2. 11)

un (R) = up (R?) +zc noeee (2.12)

with

zi’;;"j', y=a,0. (2.13)

and (2.12) becomes

Sup

n M
Up (R) = un (R") + %X‘)k <U:; dRox

+
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electron-lattice interaction energy (including the
kinetic energy of the electron) and a rest V(R)
depending solely on lattice coordinates

Un(R) = ua(R) + V(R),

1 ( Ak _ ak ))] n
l—j/ |r1—Rkl |1‘1—R2| WI>

(2.9)

(2.10)

Since we don’t know the eigenvectors exactly we
have to look for another way to calculate the pro-
jections (2.13). To this aim we remember the special
features of the vibrational spectrum of crystals
having NaCl-structure5.13.

Since for such lattices, regarding the limit of
long waves, the relative motion of the ions corre-
sponds to the optical modes and the motion of the
center of mass to the acoustical modes, we transform
(2.11) to relative and center of mass coordinates

Xoj = (Re; — R3j) — (R21+1 —R3.), (2.14)
M-
Xaj: (R2J - R?;) + M (R2)+1 - Rr, 1)
(2.15)
M_  CQu, Oun, Qup
Toome)* 2 Xak e 1216)

The interaction energy of the center of mass motion with the electron can be neglected compared with
the strong electron — dipole interaction with the relative motion. Further regarding

Mot M own
M, €Ry; Ma OR2in

one observes that this expression for deep electronic
states (where the wave function y} has only a few
zeros) varies only slightly for adjacent cells. There-
fore in (2.12) only those C}, will be essentially
different from zero, which correspond to optical
modes in the long wave limit. Regarding this limit
we use the arguments given by PEKAR14 to neglect
the coupling to the transversal optical modes.
Hence the sum (2.12) can be restricted to the
longitudinal optical branch. This means that
Ou,/OR; can be expressed by a linear combination
of the eigenvectors of the longitudinal optical
branch. The vibrational spectrum of the longitudinal

14 S, I. PErAR, Untersuchung iber die Elektronentheorie
der Kristalle, Akademie-Verlag, Berlin 1954, pp. 58.

= 1_y le (r1) ["j{; 17— Boy3

M (ri— Ry) | M-

— B} |
M, |(77}”_ Rfjjﬂlp] Yi(r1) d3ry
(2.17)

optical phonons is quasi degenerated, hence, assum-
ing it to be completely degenerated, du,/CR; itself
is an eigenvector, and can be used as a basevector
if properly normalized.

X

= (O (g s am)s @18)
o

=3 am)- @19

By appropriate linear combinations of the 7£%¢ this
can be completed to give a new base in lattice
configuration space:

nrl, g, ..., 7]"3M i (2.20)
With respect to this base we get for (2.5)
=27 (2.21)
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MgO LiF NaCl NaBr KCl KBr KJ
w1 [1013sec1] 11.0 8.6 4.0 3.4 3.2 2.6 2.1
& [1013sec1] 14.0 12.0 5.0 3.9 4.0 3.1 2.6
T [10-2eV] 6.9 5.7 2.6 2.2 2.1 1.7 1.3
Cs  [10-4dyn] 11.3 6.63 3.18 2.24 2.28 2.32 1.85
B; [1014 cm2] 9.0 10.1 4.1 2.7 77 2.6 2.0
x [1072] 101.3 166.0 72.4 48.3 139.1 45.3 36.2
Mo - o2 [10%erg - cm~2) 17.8 6.29 3.73 3.45 3.18 2.96 2.88
(Fan/Mo - o2)1/2 [4] 7.88 12.0 10.6 10.2 10.3 9.6 9.4
(C9)2/ My - 02 [eV]ver 45 44 1.5 0.9 1.0 1.1 0.99
(C)2/ Mo - 012 [eV]gem 1.65 1.04 1.09 1.01
2 8z 65 ki 65 41 48 65 45

Table 2. Dynamical Results. We assume effective frequency after MARTL12. & frequency of the longitudinal optical branch
for k — 0 after K11TEL2L. The norm Cs and B;s have been calculated by means of a computer. To do this ions with oppo-
site charge have been collected to give a spherically symmetric arrangement of elementary cells and then the sum was
taken over all cells. From Cs and M(;? one obtains polarization energies known as Stokes-shift of absorption and
emission band. Once the energies known one obtains the Huang-Rhys-Factor, which can be determined by the tempera-

ture dependence of the absorption band, too18.

and (2.12) becomes

because Qu,/0f™ must vanish for every choice of

Up(R) = up(R") + Cn - nnlz meQr  (2.22) the Q. For localized states
; uy, ) o
= u, (R") + CnQ'll (@pn)2 =2:-N5 (2.26)

If the eigenvectors are known the considerations
following (2.13) are superfluous and we can confine
ourselves for further calculations to (2.12) and (2.13)
Though our numerical calculations did start with
(2.22) we use in the following the more general
formula (2.12).

With this knowledge it is not very difficult to

can be evaluated numerically by summing over the
lattice points. Then we get for the coupling para-
meters from (2.25) with (2.1‘7)

n 1 n
B! = 557 O

Accepting the approximations made above we get
from (2.22)

(2.27)

describe the dependence of the electron’s state on B — 1@ on (2.28)
the lattice vibrations. If the electron’s wave : Nu epr =
function is adapted to the symmetry conditions, and B} =0 for j=2.

the variational parameter can be expanded in a
Taylor series with respect to the Q7
3M '\

B (R) = BN + 3 S0r @) +

we only have to calculate the dynamical coupling
coefficients 0f"/0Q} =: B}. This is done by
minimizing Uy, (R) with respect to g7 (R) for every
position R. Expanding Qu,/df" into a Taylor series
we find

(2.23)

The numerical values for BY, C" and N, for the

example of a F-center electron are collected in
Table 2.

Relations between Normal Coordinates

From (2.5), (2.7), and (2.8) we see that the normal
coordinates defined above depend on the electronic
state. Hence one has to know the relations between

Cup _ Cun (Rn) them. For that purpose we write the cartesian
opr opn (2.24)  coordinates R; with respect to two different frames:
3M ooy 5
o .,,C,u" ! L Rn _— yn nt On 2.
+ ]Z opr cQ" + (cpn)? GQ") Qn =0. R; RJ }7 tznf Ql d (2.29)
Since Cu,/cpn(R") is made to vanish by the static R, — R}{L' _ y;; _ Z o Q. (2.30)

calculations, we get for the coupling coefficients B}

o2
B” 2uy 2u,

@ T epreg =

(2.25)

21 G. KirrEL, Introduction to Solid State Physics, J. Wiley,

With respect to the coordinate system 7t we get
for the displacement caused by an electronic

New York 1967.
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transition

RY — R¥ =7 g AT . (2.31)
t

Inserting (2.31) into (2.30) we have by comparison

2 =2y + 2 A (232)
P ! t
and since the 77t are orthonormalized:
Qr=> (" ") QY + A (2.33)
¢

For weak perturbations, with eigenfrequencies and
eigenvectors depending only weakly on the electronic
state, we can simplify (2.33) somewhat more: We
use for both states one common eigenvector system
7L, ..., 7** not depending on the electron’s state,
then (2.33) reduces to:
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RJ’." and R}’ are known by the static calculations,
therefore in principle one finds 47" from (2.31), if
the eigenvectors "t (or nt) are known. Since in
most cases the eigenvectors are not known accu-
rately, we give an alternative method basing upon
some reasonable assumptions about the frequency
spectrum of weakly perturbed lattices.

From (2.9) and (2.12) we get
Un(R) =ua(R") + > CrQr + V(R) (2.35)
]

on the other hand we use the expansion (2.2) and
find

Un(R) = Un(R") 4+ 3> (0P)2(@})2 + -+~ (2.36)
t

Qr=0F AW, (2.34) Now we eliminate U, (R) and get the relation:

0= un(B") — Un(R") + > (C7 @ — }(0})2(@))2) + V(R). (2.37)
t

Since V (R) does not depend on the electronic state n, we eliminate it from (2.43) by writing this equation
for the second electronic state n’ being of interest:
Un(R") — un(B7) + > (3(0})2(Q))2 — C7 Q)
t
= V(R) = Un (R") — un (R") + 3 (3 (0} 2 (QF)2 — CF Q). (2.38)
t

(2.38) does hold for an arbitrary choice of the @ and @)'. If in addition we assume relation (2.34) to hold,

we get from (2.38)

Un(R") — un(R") — Uy (Rn,) + un' (Ry') — 2 CtnA;m'
t

—3(0F = C)QF + (@2 AP QF + 13 ()2 — o} ) @) = 0
t 7 r

which must hold identically in @ and therefore
(wh)?2 = ()2 (2.40)
and

(@2 A™ = Cr — O (2.41)

In the preceding section we assumed the optical
vibrations to be completely degenerated which led
to C} =0 for ¢t + 1 for the trapped electron's state.
If in addition for the conduction and the valence
electron we neglect the dynamical coupling at the
lattice vibrations we get:

A™ = AT — O"f(w])2 . (2.42)

With (2.42) we have completed the calculations
about the crystal states. From the static calcula-
tions we know the wave functions and approximately
the energies (the numerical results are collected

(2.39)

in Table 1) and from the dynamic calculations the
dynamical coupling coefficients B} and the relations
between the normal coordinates. But the latter
results depend on a precise knowledge of the normal
mode coupled at the electron’s state. Since these
calculations have not been finished we use the
frequencies as calculated by MARTL!12 from next
neighbour interaction. By means of these calculated
frequencies and our numerical values for C» we
could establish an excellent agreement with the
numerical values for the polarization energies which
are easily determined from the absorption and
emission energies of the electron

Uabs - Uem = *WO w2 (Anrn')2 (2.43)

as can be seen from Table 2.
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94
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Fig. 2a. Energy depending on one normal mode for 3 elec-

tronic states for KCl. The F-absorption energy is 2.3 eV,

the emission energy 1.3 eV. The normal coordinate in ar-
bitrary units.

Ue (RF)

Us(RE) t-——

U, (RK)

Q
Fig. 2b. As Fig. 2a but for MgO. One observes the F-emis-

sion energy to be approximately zero.

Summary

1. Statics

The eigenvalue problem of the microblock A*
has been separated into one for the electrons and a

A.LOFFLER

second for the lattice motion. The coupling of the
defect electron at the other electrons is expressed
by means of the polarization calculations. The
hamiltonian of the electron depends on the lattice
coordinates as parameters and is first solved for
the equilibrium positions R7.
Results:

Static energy: Un(R")
Static electronic

wave function:

pr(r, 7 (R"))

with variational parameter 57 (R").

(2.44)

2. Dynamics

By means of normal coordinates @, the dynamical
dependence of the wave function on lattice oscilla-
tions can be quantitatively described. Only a few
coordinates are needed :

Energy-expansion:

Un(R) = un(R") + 3 C,Qr + V(R);

Variational Parameter:

p*(R) = B (R™) + > Br@Q"; (2.45)

Electronic wave function:

pn(r, B, R) =y (r; fn(R") + > BrQr).

A very simple relation between different normal
coordinate frames is established.

@ =0 + 45"

The lattice oscillation problem is only treated
in a rough approximation assuming the disturbance
of the frequency spectrum beeing weak. The results
are demonstrated in Figs. 2a and 2b for MgO and
KCL

(2.46)

Matrix Elements for Radiationless Transitions

At the beginning of a theoretical investigation the fundamental problem is the definition of the un-
perturbed hamiltonian, the eigenstates of which should be at least metastable states. We use the adiabatic
and a Hartree-Fock-approximation to reduce the many particle problem, and the harmonic approxima-
tion to simplify the lattice hamiltonian. If we neglect the possible transitions which are caused by the
assumption of the one-electron approximation we have two perturbation operators. The first, Kt, corresponds
to the nonadiabatic interactions, which result from the electrons® being unable to follow the ionic motion

immediately :
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3M 55 3M = - 3M
o (o L c C
I;I ¢m,(Qn - ."1.’ Z}(tenz ) H qu ;(EQ)" W") (EQ;' %'f,,(Q}' ) H %u n (31)
k f/
and the second from the anharmonic terms (of which we write only the third order terms13):
3M 3M
1

H (ij Qn = 3| )_Z 1 L IQ" Qn H (fuz, Qn (32)

The anharmonic terms have been discussed by MARTL!2 and RAMPACHERS3.

Since their investigations will be published in a later paper, we refer here only to their results as far as
needed.

The matrix elements of Kt which will prove to give rise to radiationless electronic transitions, will be
discussed in this section for the example of a F-center as quenching center.
The microblock’s wave function is following the preceding chapters:

3M
n(] 1o, @) = - (3.3)
i=1
For the F-electron in the groundstate we found especially
Yi(r1) = a2 p332 exp(— f5-11) (3.4)
with
ps = B3+ B3 @ (3.5)
and for the valence and conduction band state respectively (1.24)
Yi=y1 =[Q120@Fa—[n])O(a— |y]) OGa— [z]) — Syi(r)]. (3.6)

Hence (3.2) can be reduced to

o2 s a% - a?m i
K= — (e v)hied + 2 55 25 T g 3.7)
from (3.7) we find for the matrixelements
(C; l: l(q)v Kt Sa m7 m(q)) . Ki‘, lx. ...,ls.’w;a, M1,y a0es mam
1 o2 s (s
= — o {14 [t son vi| @D - g @) 38)
3M
+2 fdQs Id3rl [W] 207 1/)1} (Pll Ql aQ" (le Q1 } X H fdQs[(Fl, Qq (Fm; Qs
With the relations (2.40) for the normal coordinates
Q=0 +4¢, @j=Q;, =2 (3.9)
we get for the harmonic oscillator eigenfunctions:
P (@) = P, (@F + AT) = @, (@1 + AT),  ¢0,(Q9) = ¢0, (@) = ¢, (@), =2 (3.10)
and therefore (3.8) becomes
& 1 S S S s g S
I‘c Do daas s, ma, o maye — l D) J‘ dey [I(i (@7) @1, (@7 + AT) 67((7)*{7 (Pnu(Qi)}
3M
+ [dQ3 U (@) 91, @ + AP) @, (Q’{)]} X IT &y, my- (3.11)
j=2
In (3.11) the functions I{® and I$ are defined by
I9@) = a1 [y (r) 5s ¥00) | = 5 S = — 5 -8 (3.12)
1 (@ 1 2t Y1 aQ: 2 ps H

15 For perfect lattices with NaCl-structure the third order terms vanish identically, but not for disturbed lattices.
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Bs 2
and I9@) = [dr1[pi(r) (e wl} (ﬁ) 8. (3.13)
For simplicity we introduce the coordinates
My en2\1/2 hao 12 B3
Qs::( Moo ) Q 3.14)  aod get ai— (MO-LH =3 (3.15)

The parameter « gives a measure for the dynamical coupling of the electronic state us at the lattice
vibrations. The oscillator wave functions with respect to the new coordinates are:

D (Q5) = (i@xﬁj)m - (( hon 2)1/2 QS) . (3.16)

My on JIO w1
We then have for (3.11)
ﬁ 9 2
Kpon=—"y" | [dQs|01(@ + Ao 2'“(1’41&()5)2“'S@'" (QS)] 3.17)
o
+ Qs [Bu(@ + A) 3" S 0 Pn@)]]

Expanding S and fs into a power series about @8 + 4¢s/2 and collecting terms of equal powers of « the
matrixelements become:

ii 1/2 3 2
K( L wl . ( ) j = &);27/[1(*5/2’ : q}l (QS 1 ACS CQ’ m (Qs) dQs
’ 2 9 15 Aes\ @
J 1_1)? aesyp D@+ A%) [”* '(QS% = ) gs Pl Q“)dQ* (3.18)
105
+J 9’/A(sf) z(QS+ACS)[ (@ + Aos) + 5 (@5 + Ao9)2 «st m (@) dQs — + }

We prefer this expansion about 4¢s/2, since we find the matrix elements to be symmetric in every power of o.
The individual integrals can be reduced by algebraic relations (Appendix B) to one type, the so-called
Franck-Condon-Integrals16

A \m—n i A2
Fpon(d):=[0,Q+ A)D (Q)dQ:exp{*Az/éi}(w) ]// ,Y”“*”( 5 ): m=n (3.19)
and because of Fy n(A) = Fu n(—A) one gets a formula for n > m, too. In (3.19) £ " is a Laguerre
polynomial.
With
/m m + i y
Gn,m(d)= 1,/ 5 Fp oma— ‘/ 9 Fp, mi1 (3.20)
the matrix elements in first and second order of o are:
. }70)1 d3\1/2
]\( U;s,m = SO ( ) (321)
3a o? m o fm—1 1
’ { (] - .1(‘5/)) Gl 771(‘405) - a— 1.7;405/2)7/2“ { Fl m + - ( Acsile m T ((Acs)z + 2>Fl. m \ 9
MgO LiF NaCl NaBr KCl KBr KJ
So 7.72 8.03 6.40 6.34 5.87 5.82 5.78
o - 102 101.3 166.0 72.4 48.3 139.1 45.3 36.2
Aes 8.05 8.8 8.05 6.4 6.9 8.05 6.7
hwy - 1014 [erg] 11.1 9.1 4.2 3.6 3.4 2.7 2.2
Ky 0.84 0.72 0.26 0.22 0.19 0.15 0.12

Table 3. Parameters for matrix elements, A w, energy of the normal mode coupled at the electron’s state. « dynamical
coupling parameter (3.15). Sg overlap integral (1.25). Ko = 0.5 - hw; - So - (d3/2)1]2 for 2 = (10 - d)3.

16 M. WAGNER, Z. Naturforsch. 14a. 81 [1959].
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This formula cannot be obtain by straight for-
ward calculation, but by means of the relations of
Appendix B. It has some advantages for numerical
evaluation.

Fim (4)
o | Fsm(4)
FISm(M
0.2t
o1t
- o~ 4 f ) :
0| 20 30 40| s0 6 70
m—-b
0/3_ Fl.m (6)
Fo.m (6)
L Figm (6)
l /\\\
# % ) I
10 30] 50 / 70
m_—
-01f

Fig. 3. Franck-Condon-Integrals F, ,(4) for 4 = 4 and
A = 6. Only the last extrema have been plotted. One ob-
serves the last maximum going to greater m for growing 4.

The Franck-Condon integrals have been numeri-
cally evaluated and tabulated and are givenin Figs.3 a
and 3b for some selected values of A, n» and m. As
a function of m the F,,n(A4) oscillate up to one
point m = Mmmax (4, n) depending on 4 and n and
then decrease exponentially. Since this point is
most interesting for the radiationless transition, we
plotted in Fig. 4 mmax (4, n) for some values of 4.
For those values of 4, m = max, and n being of
interest we approximate the diagrams of Fig. 4a by

1 A2 A 1
TR+ Ym T 2 T2 (m L

2 (Inl1+1/n) "
This approximation is shown in Fig.4b. For an
oscillator with frequency o in thermal equilibrium
with a heat reservoir of temperature 7' we expect

to have n oscillator quanta excited

ho 1
e =In (1 + ;;)- (3.23)
By (3.23) we can reduce (3.22) to
A2 A kT
ma -y 2 he - (3.24)

Ut
[V}
=1

IN IONIC CRYSTALS. L

Mymax (An)

1 1 L

1 1
1 2 3 5 10 5
n

Fig. 4a. The Franck-Condon-Integrals F »(A4) vanish for
A fixed depending on n for m > mmax. For n = 0:
MMAX = A2/2.

5P

5

n ——
Fig. 4b. Approximation of Fig. 4a. For A4 not too large we

have | - 3 —_—
,,)T =+ 2—[ln(l+—ﬁ)} :

MMAX /|
We plotted myax against

,8=;;—Tr=[ln(l+ i)

w1

[ln (1+

-1

The deviation from Fig. 4a is marked by x.

For n not too large this functional dependence is
transmitted to that of the K¢ .. ,, . The numerical
values of |K{,..,|? are plotted in Fig. 5 for

two values of n.
Appendix A

Hermitian Symmetry of K*

The unperturbed hamiltonian in the adiabatic
and one-electron approximation has been construc-
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1 r -
sk A5 =-6
ik
il 07
2+ =
07+ L
&
102
1072 P
1073}
-3 ! 1 1 | o
" 10 20 30 40
m ——
Fig. 5a. The square of the matrixelements in logarithmic 3
measure. For a special defect the values have to be multi- 107
plied by L
d3 hon\2, 0 -
Kg:gﬁ'( 2 ) m—
The circles give the values calculated, the line an approx-  Fig. 5b. As Fig. 5a but for n = 10. One should observe the
imated average. heavy oscillations of the values calculated.

ted by means of various, partially classical, considerations. We therefore have to discuss wether the
perturbation Kt remains an hermitian operator. By means of partial integration one proves the sym-
metry of the matrix elements of Kt.

First we decompose Kt Kt— Z Kt (A1)
J
with R R
Kt A 1 [( 76‘: ) n (sz) | 2(, : wn)( o qn (Q?Z))] (A.2)
G) ¥Ym = 23[]_ 60;’,2 Yo | Cimy i) T ?Q;‘ ’C\Q;l mj\¥j
From (A.2) we get the matrix elements of K{; to be:
" 1 o2 N R \ ‘
Kyt em = — 2 M; {st 71 (’EQ? "PC> Fm + 2 (VEQ]' Wc) (}TQ]- qunﬂ de@; dr] . (A3)
By partial integration of the first term we find
. 1 0 etd 0 o 9 )
]‘(tj)s‘l;c.m = o { s‘ [((TQT Ws) QP T+ Ps <?Q; ¢l) %an ( 2Q; wc) d@;dr
+j ( : )( : ¢°) —2y ¢S<'«a"'wc) (( 3 ¢°)]dedrl : (A4)
Vs qy cQ; Ye aQ; tm st 2Q; oQ; T |
By means of a second integration and collecting equivalent terms we get
. 1o [ @@ e 2 KB )
A(tj)s,l;c.m == 2 M; lj Ye (ng %) (ll(Fzz o h (E:TQ] #)s) ( 2Q; ‘f%) ¢zc:z]dQ7 dr (A.5)

A
C

8 {8 8 9\ . a ]
# My )i #5) + (g, v4) (e 93) 8] we@rar = [uni (g v (g 8 a@sa

where the orthogonality of the wave functions has been used. Using the identity

K & 2 -
E‘ Ys 41 ( E(Q; zPC) ( 2Q; ‘fm) d@;dr = — J ( 2Q; "PS> Y1 ¥e ( 20, ‘7m> dQ;dr (A.6)

) J
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we find from (A.5)

1 62 G o , =
K:j)s,l;c,m =T 2 ‘ ['Pc ‘an(a )‘P o 9<6Qj Ws)(er'(Flb)} dQ;dr = ]‘(tj)c,m;s,l- (A7)

Appendix B By straight forward calculation one obtains

Algebraic Relations for Matrixz Elements bh e e ( ;;17 . Q) ,

In chapt. 3 we get an expansion of the matrix 1
elements into a power series of the dynamical % b+ +b) =

(t+a)+4=Q+ 4

coupling parameter «. To find formulae easy to V
handle we express the expansion terms by means of = % ( 27, +bth— a+a) ,
creation and annihilation operators . 4
1
1 d — (b — — —at) = P
Ty <Q+'dQ)’ b _T/zf(QjL‘H“dQ) V e V2 R A

at— 1/12“<Q_diQ>’ b+:=a++72* (B.1) VZ btb(a —at) T/?a ta(a —at)
with the commutation rules: + A4 (,‘; + Q) ddQ

[a,a*] = [b,a*] = [a,b+] = [b,b*] = 1 Pl

[a, b] — [a*, 5+] = 0. brb—ara)brb—ara) =425 + Q).

By means of the commutation rules we transform the expressions (B. 2) in such a way, that
1. only products b+b remain (the operators b and b+ are replaced by means of (B.1));
2. these products b+b stand altogether at the left or the right hand side.

Having rearranged the operators in this way one uses the following relations

a@,,. Q) =)m Pn1Q), bDn(Q+ A) = )m Pn_1(Q + 4),
atPn(@Q) = |m+1DPn1(Q), b+ Pn(@+ A) = )Ym +1Pni1(Q + A4), (B.3)

and gets easily some relations between the Franck-Condon-Integrals Fj, n(A4)
Fn. m(A) — f¢n(Q + A) ¢m(Q) dQ» Gn. m(A) = 1/7; Fn, m-1(A) - 1/”5;_ - Fn, m+1(‘4), (B-4)

where

Gnm(d) = {Pa@+ 4) 45 Pn(@)=—(Pn@ {5 Pn@+ 4)); (B.5)

Gu@+4) Q+ 5 Pu@)=(n—m)Fan(d)=A(Pn(@ Q+5 ®2@+4))  (B6)

4{2@+4) (04 %) ag Pr@)= (e —m)Gnm+ (" "+ ) Fam (B.7)
a{0n@ (043 ) dg Po@+A)=n—wGunt+ ("7~ 5)Fan. (B

By means of (B.4) to (B.7) one finds the matrix elements up to second order in o. If higher orders are
needed one easily extends the procedure described above.

Appendix C for m = n to have the form
Mm—nq/p A2
Numerical Calculation of Franck-Condon Integrals — Fn, m(A) = exp(— A2/4) ( > / ::t', < 5 )(C 2)
WaGNER!6 found the Franck-Condon Integrals For n > m one takes the relatlon

Fu m(4):= f¢n(Q+A)¢m(Q)dQ (C.1) Funm(Ad)=Fmn(—4). (C.3)
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#®) (x) means Laguerre’s polynomial

PO () = éo(n +E) (=1

\n— 7 p!

x=: > cya’. (C4)
r=0

For numerical evaluation one must pay attention
on the fact, that the known recurrence formulae give
rather inexact results, since one uses differences of
great numbers of equal order. Hence we calculate
the Z® directly observing the recurrence formula
for the coefficients c¢,.

(n —») -
—omFnerErn (09

Cy+1 =

with the normalization

Coz(’l;k).
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Using a symbolic notion we obtain the following
ALGOL procedure.

IF n>m THEN BEGIN h:=m; m:=n;
n:=h; a:= —a; END: s:=c: (a/)/2) % (m — n)
xexp(— axal4)xsqrt(n!/m!)x(m!/((m —n)!xn!)):

l:i=m — n;

x:=axal2;

FOR ¢:=0 STEP 1 UNTIL » — 1 DO

BEGIN
c:=—ckxaxx(n—0)/((t+ )@ +1+1));
s:=8-+¢c;

END.

Non Radiative Electronic Transitions in Ionic Crystals I *

Reaction Formalism and Results

ArLr LOFFLER

Institut fiir Theoretische Physik der Universitit Tiibingen

(Z. Naturforsch. 24 a, 530—539 [1969] ; received 18 December 1968)

A general formalism to describe radiationless electronic decay (RED) is developed. Two con-
ditions are derived that must be fulfilled to make RED possible. Using the data derived in part I
of this paper the general formulae are applied to a F-center in KCl and MgO. In KCI the con-
ditions for RED are not fulfilled while in MgO RED proves to be more probable than radiative
decay. This is in complete agreement with experimental knowledge.

Introduction

To describe a quantum process it is necessary to
calculate wave functions, energy eigenvalues and
matrix elements in advance. This has been done in
part I of this paper!l. We did show that the dynam-
ical coupling of the electronic state with the lattice
vibrations could be expressed approximately by one
normal mode with frequency ;. Recently Rawm-
pacHER2 did prove electronic decay processes to be
possible if and only if the states are coupled with
a system having a continuous energy spectrum.
Since by the non adiabatic interactions of the
electron with the lattice the discrete electronic levels
are coupled with the discrete energy levels of a
localized mode, decay seems impossible in contrast
to experimental knowledge. The solution of the
problem is given with regard to the fact, that
* Thesis in partial fulfillment of the conditions for gradua-

tion at the ,.Mathematisch-naturwissenschaftliche Fa-
kultdat der Universitat Tubingen™.

anharmonic terms couple the discrete mode w; with
the continuous acoustical frequencies.

We calculate transition probabilities by means
of the resolvent method of RamMmpAacHER?2, which is
slightly modified to get expressions that could be
treated easier numerically. The general formulae
then are discussed for two examples: The anion
vacancy in MgO is shown to induce radiationless
electronic decay (RED), whereas the same imper-
fection prefers optical transitions in KCIl. These
results are in best agreement with experimental
knowledge: A F-center emission band in MgO until
now has not been detected whereas in KCl the
F-center emission band about 1.1 eV is well known.
It is shown that the probability for RED at an anion
vacancy depends on temperature, too. No attempt
is made to derive the reaction formulae known from
the phenomenological theories, what is kept for
future work.

1 A. Lo¥rFLER. Z. Naturforsch. (to be published) quoted

hence forth by I.
2 H. RaMPACHER, Z. Naturforsch. 23 a, 401 [1968].



